Preliminaries.
In this section we recall relevant definitions and theorems which were established in [4]. DEFINITION. A pair (X, β) , where β is a family of subsets of a nonempty set X, is called a category base if the nonempty sets in β, called regions, satisfy the following axioms:
1. Every point of X belongs to some region; i.e. X -U (2. 2. Let A be a region and let ^ be any nonempty family of disjoint regions which has power less than the power of β.
(a) If A Π (U 6 D) contains a region then there is a region D E ^ such that A (Ί D contains a region.
(b) If A Π (U ty) contains no region then there is a region B C A which is disjoint from every region in ty.
It is readily seen that every topology is a category base.
With respect to a given category base we have the following generalization of the topological notions of nowhere dense sets, sets of the first category, and sets of the second category. A set S is singular if every region contains a subregion which is disjoint from S. A countable union of singular sets is called a meager set. A set which is not a meager set is called an abundant set. NOTATION 
A set is abundant everywhere in a region A if it is abundant in every subregion of A.
The appropriate generalization of the topological notion of a set being of the first category at a point is DEFINITION. A set S is locally meager at a point x E X if in every region A containing x there is a subregion B containing x such that S Π B is a meager set. Otherwise, S is said to be locally abundant at the point x. THEOREM 1.3 . The set of all points of a set S at which S is locally meager is a meager set. DEFINITION. A set S has the Baire property if every region A has a subregion B in which either S or X -S is a meager set. Restated, S has the Baire property if there is no region in which both S and its complement are abundant everywhere.
NOTATION. The family of all sets which have the Baire property with respect to (X, 6) is denoted by 93(6). 2. The basic topology. We assume throughout this section a given category base (X, β).
DEFINITION. The set of all points of X at which a set S is locally abundant will be called the derived set of S and denoted by D(S). That is, a point x belongs to D(S) if and only if there is a region A containing x such that for every subregion B of A which contains x, the set S Π B is an abundant set.
One can readily verify the following properties of the derived set operation (cf. [2, §10] 
From Theorem 1.3 we have
We then obtain from the decomposition Applying Z) to the above decomposition yields We shall call the topology (X 9 G*) the basic topology for the category base (X 9 G). In the case that (X, G) is a T λ -topology, the basic topology (X, β*) was investigated by Hashimoto [1].
Examples.
In this section we determine the basic topology (X 9 G*) for several category bases (X,G). EXAMPLE 3.1. If (AT, β) is a Baire topology (i.e. every nonempty open set is of the second category) which satisfies CCC then (X 9 G*) is equivalent to (X 9 G). The topology (X, &*), in fact, consists of all sets of the form G -/, where G is an open set and / is a set of the first category with respect to (X, β). In the case that (X, 6) is the usual topology on the real line, (X 9 G) has a countable topological base for the open sets, but the topology (X, G*) does not even have a countable pseudo-base. EXAMPLE 3.2. Let (X, G) be the cofinite topology on the set X of all natural numbers. The topology (X 9 G*) is the discrete topology and is not equivalent to (X, 6), although 95(6) = 93(6*). Note that (X, Q) is not a Baire topology, while (X, G*) is a Baire topology. EXAMPLE 3.3. Let (X 9 & 9 β) be the completion of a continuous, σ-finite measure space (X 9 & 9 μ) and let & be the family of all sets in & of positive measure. The meager sets coincide with the sets of jΰ-measure zero and the sets having the Baire property with respect to (X 9 G) are the μ-measurable sets. It can be shown that, for every set S of positive μ-outer measure, D(S) = X. This implies the topology (X 9 G*) consists only of 0, X 9 and every set whose complement has μ-measure zero. Hence, (X 9 G*) is not in general equivalent to (X 9 β). EXAMPLE 3.4. Let X denote π-dimensional Euclidean space and let β be the family of all closed sets which are of positive Lebesgue measure in every neighborhood of each of their points. The meager sets coincide with the sets of Lebesgue measure zero and the sets having the Baire property with respect to (X, G) coincide with the Lebesgue measurable sets. It can be shown that the topology (X 9 G*) consists of all sets of the form G -N 9 where G is an open set in X and N is a set of Lebesgue measure zero. Consequently, each nowhere dense set in X, as well as each set of Lebesgue measure zero, is nowhere dense with respect to (X, β*). In view of the fact that X can be decomposed into an ^-set of the first category in X and a S δ -set of Lebesgue measure zero, every subset of X is of the first category with respect to (X, β*). Hence, (X 9 G*) is not a Baire topology ON EQUIVALENT CATEGORY BASES 211 and 93(β*) consists of all subsets of X, so (X 9 G) and (X,G*) are not equivalent. A comparison of this example with the preceding one reveals the fact that equivalent category bases need not have equivalent basic topologies. EXAMPLE 3.5. Let X be a complete separable metric space with no isolated points and let 6 be the family of all perfect sets in X. The sets having the Baire property with respect to (X, 6) coincide with a classification of sets investigated by Marczewski (cf. [7, Example 3] , [11] ). The topology (X, 6*) consists of all sets of the form G -/, where G is an open set in X and / is a Marczewski singular set. Accordingly, every nowhere dense set in Xis nowhere dense with respect to (X, 6*). Because every nowhere dense perfect set in X contains a set S & 93(6), while S G 93(6*), we have 93(6) Φ 93(6*). Hence, (X, 6) and (X, 6*) are not equivalent. Assuming the continuum hypothesis (or the weaker hypothesis that there is no weakly inaccessible cardinal number less than or equal to 2 S°) , there exists a set which does not have the Baire property with respect to (X, 6*) (see [4, Theorem 16] ).
Category bases in which every region contains a minimal region.
DEFINITION. A region is a minimal region if it has no proper subregions.
We assume throughout this section that (X, 6) is a category base in which every region contains a minimal region. We denote the family of all minimal regions by © and set Ύ -U %. Proof. If S C X -Y then S is obviously singular. Suppose S is a set and 5(17^0. Then there is a region δ6β such that the set S Π B φ 0. Due to the minimality of B, no subregion of B is disjoint from S. Accordingly, S is not a singular set. Therefore, if S is a singular set then S Π Y = 0 and consequently S C X -Y.
From this theorem we derive the following three. 
{X-S)nBC.X-YGX-B.
But this impllies (X -S) Π B = 0. Therefore, B C S.
THEOREM 4.8. A set S has the Baire property if and only if it is representable in the form
where E is a union of minimal regions and P is a singular set.
Proof. Suppose S has the Baire property. Let %' be the family of all minimal regions 5eS such that B C S, let E = U ®', and let P = S -E. By virtue of Theorem 4.7, we have S Π B = 0 for every region B E 4 -%'. Hence P Π B = 0 for every ί G l According to Theorem 4.3, P is a singular set. We thus obtain a representation of the desired form.
Conversely, suppose S has the form (*). Let A be any region. If A Π E = 0 then AΠS = AΠP is a meager set. If A Π E φ 0 then, by Theorem 4.1, there is a region J8G8 such that B C A Π E. This implies B Π (X -S)=0isa meager set. We conclude S has the Baire property.
We turn now to investigate the basic topology (X, β*) associated with Proof. Let S be a meager set. From Theorem 4.9, we have D( X) -X. Using properties (1) and (6) of the derived set operation, we obtain
If S is also an open set then X -S is closed and accordingly D(Z -S) CX~ S.ButXCX-S implies 5=0. If x E Y then it follows from Theorem 4.2 and the fact that x £ E that there exists a region B E © such that xGί and B Π E = 0. Then Πί^ 0. By Theorem 4.1, we have B CA,x GB.andB Π S = B Π P is a meager set.
On the other hand, if x £ 7 then xE^-Γ) -P and, using the assumed condition, there is a region 5 C A such that x G B and B Π S B Π P is a meager set.
In either case we obtain x & D(S).
This implies ΰ(S) C S. Thus, S is a closed set.
Assume next that the condition does not hold. Then there exists a point x E (X -7) -P, whence xEl-J, and there exists a region A containing x such that for every region B C A with xE5 we have B Π E φ 0. Now, B Π E ¥= 0 implies there is a minimal region C C E such that B Γ\ C Φ 0. By Theorem 4.1, we have CCBΠECBΠS. According to Theorem 4.6, C is an abundant set. Thus, B Π S is an abundant set for every region B C A with xGfi. This means x E D(S). But, because x (£ S, the set S is not a closed set. Proof. The condition in Theorem 4.12 is vacuously satisfied whenever P = X -Y. Hence, the complement of any union of minimal regions is a closed set. To show any subset of X -Y is nowhere dense it suffices to prove X -Y itself is nowhere dense. Let G be any nonempty open set. From Theorems 1.4 and 4.11 we know G has the Baire property with respect to (X, 6). According to Theorem 4.8, G = E U P, where E is a union of sets in % and P is a singular set. In view of Theorem 4.10, we have E φ 0. Let H be a region in % such that H C E. By Theorem 4.13, H is a nonempty open set. We have H C G and H Π (X -Y) = 0. Therefore, X -Y is a nowhere dense set.
Assume now that S is not a subset of X -Y. Then there is a region B G ® such that SΠί^ 0. The set 5 is a nonempty open set which, according to Theorem 4.15, contains no nonempty open set disjoint from S. Therefore, S is not a nowhere dense set.
From this theorem we easily derive the following three theorems. Proof. By Theorem 4.17, we have Tl(β) = Wl(β*). If S G 93(6) then we see from Theorems 4.8, 4.13, and 4.16 that S is the union of an open set and a nowhere dense set, so S E 93(6*).
Suppose, on the other hand, that S ξ£ 93(6). Then there exists a minimal region B in which both S and X -S are abundant everywhere. From Theorems 4.15 and 4.17 it follows that B is a nonempty open set in which both S and X -S are everywhere of the second category. Hence S £ 93(6*).
We thus have 93(6) = 93(6*).
COROLLARY. Every finite category base is equivalent to a topology.
